ABSTRACT Forces generated by the growth cone are vital for the proper development of the axon and thus brain function. Although recent experiments show that forces are generated along the axon, it is unknown whether the axon plays a direct role in controlling growth cone advance. Here, we use analytic and finite element modeling of microtubule dynamics and the activity of the molecular motors myosin and dynein to investigate mechanical force balance along the length of the axon and its effects on axonal outgrowth. Our modeling indicates that the paradoxical effects of stabilizing microtubules and the consequences of microtubule disassembly on axonal outgrowth can be explained by changes in the passive and active mechanical properties of axons. Our findings suggest that a full understanding of growth cone motility requires a consideration of the mechanical contributions of the axon. Our study not only has potential applications during neurodevelopment but might also help identify strategies to manipulate and promote axonal regrowth to treat neurodegeneration.
INTRODUCTION
The human brain is densely packed with billions of axons that provide pathways for neuronal signaling. Axons are long, slender protrusions that emerge from neuronal cell bodies and are interconnected through synaptic connections. A proper development of the axon is of vital importance for brain function (1) . Mechanical forces play an important role in axonal outgrowth and development (2, 3) . Most research on the role of mechanics has focused on the pulling force generated at the growth cone through retrograde actin flow (4) . Recent experiments and theory, however, reveal that forces are generated along the axon (5) (6) (7) (8) (9) . Here, we build on that work to better understand how forces control axonal outgrowth.
The axon is developed as an intricate structure of a wide range of components. The main structure is formed by an array of longitudinally aligned microtubules that are interconnected by proteins, such as dynein (10) , kinesin (11) , and tau (12) (13) (14) . During the initial stages of neurite formation, microtubules are short with a length of around 1 mm. As axons grow longer, the average microtubule length increases to greater than 100 mm long in cultured neurons (15) . In parallel, actin rings start to assemble around the microtubules after 2 days in culture and mature over the course of about 2 weeks (16, 17) .
Microtubules are highly dynamic structures that polymerize and depolymerize continuously. Experimental evidence shows that microtubule polymerization is necessary for axonal elongation (1, 18) . As an underlying mechanism, it has been hypothesized that microtubule assembly generates a pushing force at the growth cone that promotes axonal elongation (19) . Somewhat paradoxically, however, high doses of taxol, which promote microtubule assembly and stabilize microtubule dynamics, have been shown to slow down axonal elongation (20, 21) . In contrast, very low concentrations of taxol and epothilone (EPO) have been reported to increase outgrowth (22) (23) (24) (25) (26) (27) .
In turn, microtubule disassembly, or loss in microtubule mass, leads to a decrease in axonal outgrowth and to an increase in neuronal tension within minutes (28, 29) . The rapid onset of effect and increase in tension suggests the resulting inhibition of growth is an acute effect as opposed to the long-term reduction of nutrient delivery due to a reduction in transport. Although the increase in tension is predominantly attributed to a decrease in pushing forces associated with microtubule assembly (30, 31) , there could be other effects. For example, it is reasonable that microtubule disassembly reduces the number of functional dynein motors and, thereby, it reduces the extensile force generation by dynein (32) . Alternatively, microtubule depolymerization may lead to an increase in actin tension through activation of myosin downstream of the release of guanine nucleotide exchange factor H1 (GEF-H1), also known as Lbc's first cousin (Lfc) or Rho guanine nucleotide exchange factor 2 (ARHGEF2). Indeed, the release of GEF-H1 is known to promote myosin activity (33) through the pathway GEF-H1 / Rho / Rho kinase / myosin light chain / myosin (34, 35) and has recently been shown to regulate axonal elongation (36) . Although the importance of microtubules in axonal elongation is undoubted, why outgrowth is sensitive to changes in microtubule assembly and disassembly remains puzzling.
Axons are complex materials, and interest in analytic and computational modeling has grown dramatically in the past few years to understand their elongation during development (5, 6, 9, 37, 38) and failure after injury (12, 14, 39, 40) . Analytic approaches have the strength of abstractly modeling the complex process of growth over long timescales of hours to days (6,9,38) but may not be well suited for understanding the internal geometry of axons and the roles of specific proteins. Finite element approaches, which conventionally treat neurons as elastic solids, are excellent for the study of traumatic injury over short timescales of <10 s (12, 14) . They offer the advantage that elements in the model directly represent the configuration of individual proteins such as tau and microtubules. Nonetheless, the treatment of axons as solids does not capture the fluid-like permanent deformation that occurs during growth and retraction (7, 9, 41, 42) . Our group has recently extended the standard finite element method to allow elastic finite elements to make and break connections (5) . This framework enables us to model dynamic protein interactions in which noncovalent bonds, such as those between tau and microtubule, form and break continuously (43) . Thereby, we are able to simulate the developmental process of neurite outgrowth and the failure of axons to high forces in a single model (39, 40) .
Here, we use our framework to investigate the mechanical force balance along the length of the axon and its effects on axonal outgrowth. With this in mind, we extend our previous model of the microtubule cytoskeleton (5) to include the actin cortex and develop an analytical model for the mechanical response of the axon. We show that by consideration of the axon as an active partner with the growth cone, plausible answers to standing questions about axonal elongation emerge. Our results demonstrate that high doses of taxol may slow down axonal elongation by increasing axon viscosity. Low doses of taxol destabilize microtubules, which lowers axon viscosity and, thereby, increases axonal outgrowth. Finally, microtubule disassembly may slow down elongation by a reducing the number of dynein and activating myosin in the cortex.
METHODS

Computational model
In our computational model, we consider the intricate structure of the axon as a composition of microtubules, actin, and the growth cone that are all interconnected by cross-linking proteins. We assign dynamic behavior to each of these components based on biological observations. The dynamic behavior of a particular protein or microtubule is referred to as its mechanism. We use the finite element method, which we extended to facilitate modeling of molecular mechanisms, to solve the computational model of the axon (5, 39, 40) .
The actin cortex is the first major component of the axon structure. Its core consists of an assembly of spectrin, actin, and adducin, with adducin-capping short actin filaments and the calponin homology domain of spectrin binding to actin rings (16, 17, 44) . Although cartoons of actin rings typically show short filaments that run perpendicular to the longitudinal axis, current experimental data simply reveal punctate clusters of actin staining and do not address the precise filament orientation. Bipolar myosin filaments may generate forces that cause actin to run in the longitudinal direction (see Fig. 1 ). Given the spacing of actin rings and myosin distribution ($185 nm) and the dimensions of myosin filaments (a head-free core of $160 nm and a total length of $325 nm), a single filament may span one or two rings and may run at an angle (45, 46) .
Here, we develop a finite element model of the actin cytoskeleton focused on capturing the active fluid behavior of axons. In the early stages of this work, we explored the use of cross-linked actin meshworks in which filaments could rotate in all three dimensions, but we found them to be computationally expensive. As a compromise, we settled on the idea of an actin ring that surrounds the microtubule cytoskeleton with longitudinal filaments connected with myosin motors (see Fig. 2 ). The actin rings in our model are rigid but serve as a place holder for a dynamic meshwork of actin filaments. We assume six longitudinal filaments per cross section arranged in a circular array that defines a cylindrical shell around the axon. Experimental evidence shows that myosin generates contractile forces along the axon (8), which we implement by assigning the myosin mechanism to each myosin protein cross-link (see Dynein and Myosin). We randomly insert these myosin proteins in our model based on a protein density input parameter and such that myosin is evenly distributed along the axon.
Without any other structures, such as the microtubules or the growth cone, the actin cortex would collapse into a point because of the contractile forces that are generated by myosin cross-links. This collapse is in part counteracted by the second major component of the axon structure: the growth cone. Indeed, retrograde actin flow in the growth cone provides a pulling force on the actin cortex (4, 47) . We represent the growth cone as FIGURE 1 A model of spectrin/actin cortex illustrating three ways myosin may generate longitudinal forces. Although short actin filaments are typically represented as oriented perpendicular to the longitudinal axis, myosin filaments may pull them so they run parallel. Given the geometries of myosin filaments and actin rings, a single bipolar filament may span one or two rings. Additionally, myosin filaments may be orientated at an angle, generating circumferential and longitudinal forces. The figure was adapted from (17, 86) with permissions. To view this figure in color, go online.
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a single point that is firmly attached to the most distal set of actin filaments (see Fig. 2 ). We apply an external force of 1 nN to the growth cone node to represent its pulling force on the actin.
The actin cortex surrounds the third major component of the axon structure: the microtubule system (5, 48, 49) . The microtubule system consists of longitudinally aligned microtubules along the length of the axon that can polymerize and depolymerize at their plus ends. Experiments show that microtubule assembly may generate pushing forces when the microtubule is stalled (30, 50) . We do not include these forces in the axon because analysis of Eb1 comets in axons suggests stalling events are rare and transient (51) . Within an axon cross section, the microtubules are arranged in a triangular grid of 19 potential microtubule sites. On average, only half of the potential sites are occupied by a microtubule in each cross section. Neighboring microtubules are interconnected by cross-link proteins, either tau or dynein. These proteins are randomly added to the model based on a protein density input parameter. We model the dynamic behavior, or mechanism, of tau protein as a repeated detachment and reattachment of the protein (5, 39, 40) . Dynein protein generates an active force that is associated with an extensile pushing force to the axon (see Dynein and Myosin). Note that we use the term protein cross-link to allude to the mechanical role of the protein (52) , even though the physiological interaction is generally more complex. For example, tau protein forms a noncovalent bond with microtubules and is believed to interact with tau protein from neighboring microtubules through an electrostatic zipper (53) .
In addition to other microtubules, a microtubule may also interact with the actin cortex or the growth cone depending on its location within the axon. Along the axon, microtubules that are close to actin filaments interact with these actin filaments through dynein protein cross-links. These proteins push the microtubules forward and pull the actin filaments backward (54, 55) . Microtubules can also interact with the growth cone by pushing it forward (31) . This interplay between microtubules and the growth cone is implemented by a set of finite elements that connect each plus end of the distal microtubules to the growth cone node. Each of these elements will be attached if the distal end of the microtubule is within a threshold distance from the growth cone. The elements detach immediately upon tensile loading. In the attached state, the microtubules are firmly connected to the growth cone and can, thereby, exert pushing forces to the growth cone. Once detached, the microtubules do not directly interact with the growth cone; instead, they interact only directly through the cross-links with actin along the axon. At the proximal end of the axon, the first node of each microtubule and actin filament is clamped, which represents the boundary condition imposed by the cell body. Further, all nodes in the model are constrained to have no movement in the lateral direction. We provide an overview of all parameters that we use in our axon model in Table 1 .
We emphasize that here we choose to focus on actin and myosin in the cortex because they are critical in the process of axonal elongation and guidance (56) . In addition, from a biophysical standpoint, actin and myosin generate the majority of contractile forces in neurons. In particular, disruption of actin and myosin reduces the rest tension in neurons by 90 and 70%, respectively (57, 58) . Although we acknowledge that spectrin and membrane tension are important for a full model of the axon, we do not implement these here for the following reasons. First, the in-plane membrane tension in chick sensory neurons has been measured as 3 pN/mm (59) . As the average diameter and circumference of chick sensory neurons is 1.5 and 4.7 mm, respectively, the force contribution due to membrane tension is 10 pN. More recently, when spectrin in Caenorhabditis elegans neurons was disrupted, the membrane tension decreased by 10 pN/mm, which amounts to a total reduction of $20 pN in membrane tension (60) . Both contributions are small in comparison to the total neuronal tension of $1-2 nN (7). Second, although spectrin is essential to maintain the integrity of axons when they experience large rapid stresses and strains, it does not play a central role in the process of wiring the nervous system (61). In particular, animals null for a-spectrin or expressing mutated versions of a-spectrin, which inhibit tetramer formation, have very mild defects in the organization of the nervous system (62, 63) .
The strength of our approach is that it allows us to model the interconnected nature of the cortical actin and microtubule cytoskeleton in a computationally inexpensive manner. Because this is a single structure that only moves in the longitudinal axon direction, simulations of axonal elongation representing 5 min of elongation can be run in $8 h on 12 CPUs, which is $10 times faster than when rotations are included. The advantage of this approach is that mechanical properties of the actin cortex and microtubules in the computational model can be investigated over a reasonable time frame. The obvious compromise is that the detailed structure of actin and the proteins which cross-link it are simplified. In these terms, the model can be viewed as a stepping stone to molecular dynamic simulations, which fully describe the length, orientation, and cross-linking of axonal actin.
Analytical model
Here, we present an analytical model that captures the full behavior of the computational model in a homogenized sense with a small collection of spring and dashpot components (see Fig. 3 ; middle). Similar to our FIGURE 2 A sketch of our computational model of the axon. We model the axon as a system of longitudinally aligned microtubules that are crosslinked by tau and dynein proteins. The microtubules are surrounded by an actin cortex that is cross-linked by myosin proteins. Dynein protein crosslinks connect actin filaments to microtubules. The growth cone is simplified by a single point that is firmly connected to the actin cortex using displacement constraints. The most distal set of microtubules can push the growth cone forward through cross-links that only carry compression. To view this figure in color, go online. computational model, the simple analytical model contains the actin cortex in parallel to the microtubule system (see Fig. 3 ; top). In previous work, we demonstrated that the dynamics of detachment and reattachment of proteins within the microtubule system can be represented by a simple viscoelastic Maxwell component of a spring and dashpot connected in series (5) . The spring represents the collective elastic properties of the proteins, and the dashpot captures the dynamic detachment and reattachment properties that lead to viscous effects. We therefore propose that the actin cortex and microtubule system are Maxwell components in parallel to a motor component that represents the internal force generated by the proteins (see Fig. 3 ; bottom left).
The actin cortex and microtubule system in our analytical model are not sufficient to fully represent the overall response of our computational model. In addition, we need to capture the interaction between the microtubules and the growth cone in the analytical model and, furthermore, we need to include the effects of dynein protein cross-links between microtubules and actin. The interaction between the growth cone and the microtubules system is represented by a growth cone spring between the microtubule system and the axon tip (see Fig. 3 ). The stiffness of the growth cone spring is an output parameter of our model, but it is either zero or infinite. Zero stiffness versus infinite stiffness indicates that the microtubules are either disconnected or connected to the growth cone:
The dynein protein cross-links between microtubules and actin are represented by two boxes, CL1 and CL2. The necessity for two boxes arises from the two distinct mechanical roles these cross-links play. The CL2 box acts on the relative displacement between actin and microtubules, u Ac À u MT . It only influences the behavior of the model when the motion differs. The CL1 box in contrast represents the additional stiffness and viscosity that is provided by the dynein proteins, even when u Ac ¼ u MT . The CL1 box is needed because in the computational model (and in real axons) stiffness and viscosity are measured by applying a force to the end of the axon and measuring total strain or strain rate. Nonetheless, along the axon, there is variation in number of cross-links, which leads to regions that are weak. Because springs and dashpots in series sum by the rule 1=k series ¼ P i 1=k i , k series will drop as the variation in k i increases. An important effect of adding dynein cross-links is that it couples the actin and microtubules. Because this decreases the local variation along the axon, it increases the measured viscosity and stiffness for the system as a whole.
To obtain the governing equations for the analytical model, we need the relation between force and displacement for an individual Maxwell component:
Using classical force equilibrium, we identify the forces in the actin cortex, F Ac , the microtubule system, F MT , the growth cone spring, F GC , and the cross-links between microtubules and actin, F CL1 and F CL2 , from Fig. 3 as follows:
By combining Eqs. 2 and 3 and splitting F MT into a dynein and tau contribution using F 5 , we obtain the following:
With the additional compatibility equation, u Ac ¼ u MT þ u GC , and force equilibrium
, the system of Eqs. 1 and 4 can be solved for the unknowns u Ac , u MT , u GC , F 1 , F 2 , F 3 , F 4 , F 5 , and E GC . Fig. 4 shows three different model problems that visualize the different components of the analytical model. In the first model problem, we only apply an external force to the system and do not include protein crosslinks between the actin and microtubules or internal force generation. As expected, the external force on the growth cone pulls the actin forward but leaves the microtubules behind. In the second example, the actin and microtubule system are generating internal forces. For this analysis, we select the contracting internal force in the actin to exactly balance the applied external force. The extensile internal force by the microtubules, therefore, push the growth cone forward. Fig. 4 (middle) indeed shows that the axon is elongating and both the actin and microtubules system are loaded. After adding cross-links between microtubules and actin (see Fig. 4 ; right), the axon displacements are similar but slightly reduced because of the additional stiffness and viscosity of the axon. The nonzero force F 1 indicates the additional cross-links indeed carry some of the FIGURE 3 A sketch of our analytical model of the axon. The simplest analytical model consists of an actin and microtubule system that act in parallel. The actin and microtubules systems can be represented by one or two viscoelastic Maxwell components in parallel to an internally generated force (bottom) (5) . Each Maxwell component represents the elastic and viscous response of one protein, either dynein, tau, or myosin. Our full analytical model (top) accounts for the cross-links between microtubules and actin through additional viscoelastic Maxwell components. The interaction of between the microtubules and the growth cone is included by a growth cone spring with stiffness E GC that alternates between E GC ¼ 0 and E GC ¼ N. The parameters F e k represent the flow of forces in the analytical model and E k , h k , and F i k are material parameters that represent stiffness, viscosity, and internal force generation, respectively. To view this figure in color, go online. external applied force. Collectively, the analytical model behaves as intuitively expected.
RESULTS
Dynein and Myosin
Experiments show that axonal outgrowth is affected by the competing forces of dynein and myosin proteins (10, 55) . Dynein proteins generate extensile forces in the microtubule system (32), whereas myosin protein contract the axon (8) . In this section, we investigate the effects of these competing forces in our model of the axon. We first systematically vary the dynein and myosin protein densities in our computational model and probe the effects on axon stretch rate and viscosity. We then calibrate our analytical model to reproduce the homogenized response of the computational simulation.
Computational model problem
To investigate the competing forces between dynein and myosin in our computational model, we create mechanisms to represent the dynamic behavior of dynein and myosin proteins. The power stroke of dynein has been well characterized experimentally (64, 65) . Each dynein protein contains a binding domain at one end and a walking domain at the other. The binding domain of the protein is firmly attached to a microtubule, whereas the walking domain moves toward the minus end of the microtubule. The myosin power stroke is conceptually similar to dynein (66) . The major differences are that myosin proteins are bipolar, meaning that both ends are walking domains, and myosin walks to the plus end of actin filaments. We implement this molecular walking by a repeating process of attachment, active contraction, and detachment of the protein (5).
We assign the dynein mechanism to each cross-link in the microtubule system and the myosin mechanism to each cross-link in the actin cortex. To simplify, we do not include tau proteins and microtubule dynamics in this section. We apply an external force of F ext ¼ 1000 pN to model the growth cone. Fig. 5 shows the output of four characteristic simulations in which we vary the number of myosin and dynein protein cross-links. The competing effect of dynein and myosin is clearly visible as an increased dynein density leads to axon elongation, and an increased myosin density results in axon contraction. For each simulation, we obtain an average stretch rate _ l during the simulation and compute the effective axon viscosity as h eff ¼ F ext =½ _ l A and the passive viscosity as h
The effective viscosity can be interpreted as the measured viscosity of the axon, whereas the passive viscosity is calculated when the internal forces are factored out. We systemically vary dynein and myosin densities and record axonal stretch rates and viscosities. Fig. 6 shows contour plots of all three quantities as functions of the number of FIGURE 4 Forces and displacements in our analytical model for three simple load cases. In all cases, we use
In the case of no internal force generation and the absence of microtubule-actin cross-links, the actin cortex stretches because of the applied load, and the microtubule system does not deform (left). When the contractile force in the actin is equal to the external force and the microtubule system generates extensile force, the microtubule system pushes into the growth cone and moves together with the actin system (middle). The addition of cross-links between microtubules and actin reduces the total elongation rate and affects the force distributions in actin and microtubules (right). The reduction in total elongation rate is due to the CL1 box in our analytical model (see Fig. 3 ) that represents the heterogeneity in the displacements of actin and microtubules along the length of the axon. Note, all gradual changes in the force curves are due to the viscoelastic components in the analytical model. To view this figure in color, go online.
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mt only actin + mt actin + mt + cl actin only FIGURE 5 Axon stretch versus time for different configurations of the computational model. Located in the key, ''mt only'' consists only of microtubules with dynein proteins and, similarly, ''actin only'' includes only actin filaments with myosin proteins. These two systems are combined in actin þ mt. Finally, the two systems are connected by dynein cross-links between actin filaments and microtubules in actin þ mt þ cl. The applied external load, F ext , is equal for all for simulations. The results demonstrate the competition between extensile dynein forces and contractile myosin forces. The addition of cross-links between microtubules and actin leads to an increase in passive viscosity of the axon that reduces the axon stretch. To view this figure in color, go online. dynein and myosin proteins. Every black dot in the plots represents the average of 10 simulations with the same input parameters. Note that we use protein density as an input parameter and, therefore, the exact number of dynein or myosin proteins is not directly controlled. Therefore, the black dots in Fig. 6 are not arranged in a perfectly rectangular array. The contour plot of axon stretch rate (see Fig. 6 ; left) demonstrates the competing effects of dynein and myosin. The highest stretch rates are obtained for a high number of dynein proteins and a low number of myosin proteins. Conversely, axonal contraction is promoted by a low number of dynein and high number of myosin proteins. The effective viscosity of the axon, h eff , changes from positive to negative when the axon switches from elongating to contracting, and it approaches h eff /5N when the stretch rate approaches _ l/0. These trends are consistent with the effective viscosity measurements in active fluids (5) . The passive viscosity (see Fig. 6 ; right) increases with the total number of myosin and dynein, which is consistent with our previous findings (5). We note that dynein proteins between actin and microtubules push microtubules forward and pull actin back. Because these forces are equal and opposite, they cancel one another and do not affect axon elongation.
Analytical model problem
To reproduce the computational results in our analytical model, we assume the stiffness, viscosity, and internal force generation in the microtubule system and actin system all depend linearly on the number of dynein or myosin proteins (5):
In addition, we set parameters that are not included in the computational model for this section to zero:
We substitute the relations in Eq. 5 into the analytical model in Analytical Model to obtain the governing equations as a function of the coefficients c Ea , c Ed , c ha , c hd , c Fa , and c Fd . We then obtain the values for these coefficients such that the analytical model best reproduces the overall response of the discrete axon model simulation. To that end, we perform a numerical optimization to minimize the difference between the analytical prediction and the computational results in Fig. 6 . Fig. 7 (middle row) shows the stretch rate and viscosity contours that result from the optimization. First, the contour plots are qualitatively and quantitatively similar to the computational results in Fig. 6 , showing that the analytical model in Analytical Model plus the relations in Eq. 5 accurately represent the computational model. The outputs of the analytical model allow us to obtain additional model quantities, such as the forces across the axonal cytoskeleton (see Fig. 7 ; right). The microtubule system is under compression as the dynein proteins are pushing the microtubules into the growth cone. The compressive force is maximal for high numbers of both myosin and dynein proteins, which is consistent with their respective contractile and extensile power strokes. We have added the top and bottom row to Fig. 7 to demonstrate the effects of F ext . As expected, observed trends are independent of the precise value of F ext , and the passive viscosity h pass is unaffected by changes in F ext .
Microtubule dynamics and tau cross-linking
Experimental evidence shows that applying high doses of taxol to the axon stabilizes microtubules dynamics and, in parallel, slows down axonal elongation, whereas low doses increase elongation. In this section, we seek to identify potential mechanisms that explain these observations. We probe the FIGURE 6 Contour plots of stretch rate _ l, effective viscosity h eff , and passive viscosity h pass as a function of the total number of myosin and dynein proteins in our computational model. The competition between dynein and myosin is apparent as the axon stretch rate increases with the number of dynein proteins and decreases with the number of myosin proteins. The effective viscosity, h eff ¼ F ext =½ _ l A, approaches h eff /5N when the axon stretch rate approaches zero, characteristic for active solids and fluids (5) . Note that this phenomenon arises when internal forces balance external forces such that the axon does not extend or contract. This lack of motion results in an effective viscosity that approaches infinity. The passive viscosity, h pass , increases with the total number of dynein and myosin, consistent with previous findings (5). We added a gray patch over the contour for passive viscosity where the stretch rate is approximately zero. In this region, the effective viscosity approaches 5N and, therefore, the computation for passive viscosity will be inaccurate. Each black dot in the contour plots represents one set of input parameters for the computational model. To account for the randomness in our computational model, we computed the average of n ¼ 10 simulations to obtain each computational data point. To view this figure in color, go online.
effects of microtubule dynamics on axon viscosity and, thereby, on axon outgrowth. In contrast to the previous section, we now assume that all cross-links between microtubules represent tau protein. We also probe the effects of the characteristic time constant for attachment and detachment on axon viscosity. To isolate these effects, we simplify the actin cortex as a viscous damper. Thus, our computational model only consists of microtubules with tau protein cross-links.
Computational model problem
In previous work, we have provided the implementation details of microtubule dynamics in our computational framework (39) . Here, we characterize microtubule dynamics solely by the polymerization and depolymerization rates of microtubules, which we abbreviate as the (de-)polymerization rate. We anticipate that increasing the (de-)polymerization rate will reduce axon viscosity as depolymerization of a microtubule leads to an immediate detachment of all protein cross-links on the depolymerizing portion of the microtubule, whereas microtubule polymerization only leads to a delayed attachment of cross-links based on their characteristic attachment rate. The net effect of microtubule dynamics is then a reduction of the total number of attached cross-links that manifests itself in a reduced axonal viscosity (5) . Note, we expect this effect even when the total microtubule mass is, on average, preserved throughout the entire simulation (see Fig. 8 ; bottom right). Fig. 8 shows the output of a characteristic simulation of the axon and illustrates the dynamic behavior of the microtubules using the kymographs of their minus and plus ends. The minus ends move forward during the simulation, but they do not (de-)polymerize, whereas the plus ends (de-)polymerize continuously. Fig. 8 (bottom left) shows the external force and axon stretch versus time. After computing the average stretch rate of the axon FIGURE 7 Contour plots of stretch rate _ l, effective viscosity h eff , passive viscosity h pass , and force through the microtubule system F e MT , as a function of the total number of myosin and dynein proteins and for different values of F ext in our analytical model. The stretch rate and viscosity contour plots show good agreement with the computational results in Fig. 6 , which confirms that the analytical model captures the physics of the computational model. The forces through the microtubules system, F e MT , become more compressive for high numbers of dynein proteins because of the additional extensile force generation that pushes the growth cone forward. Increasing the number of myosin proteins reduces the stretch rate of the axon because of the contractile forces generated by myosin. To view this figure in color, go online. FIGURE 8 Characteristic output of a single simulation with microtubule dynamics. The kymographs track the position of the minus and plus ends of each microtubule throughout the simulation (top). The minus ends do not polymerize and, therefore, they follow the axon deformation. In contrast, the plus ends of the microtubules are highly dynamic through continuous (de-)polymerization. The total microtubule length will therefore vary throughout the simulation (bottom right). The total number of cross-links in the model follows the same trends as the total microtubule length, because the total microtubule length determines the available positions for cross-links to attach. The applied external force and the axon stretch are shown versus time (bottom left). Sudden increases in axon stretch are caused by the development of weak spots along the axon where many microtubules have depolymerized. To view this figure in color, go online. during the simulation, these curves translate into the effective axon viscosity, h eff ¼ F ext =½ _ l A. We do not include sharp jumps in axon stretch to compute the average stretch rate, because these jumps are analogous to breaking of the axon. We repeat the axon simulations for different (de-)polymerization rates and compute the average axon stretch rate and viscosity for each simulation (see Fig. 9 ).
In addition to probing the effects of microtubule dynamics, in this section, we also vary the characteristic time constant of attachment and detachment of the crosslinks, t, and we investigate the effects on axon viscosity (see Fig. 10; left) . As reported before (5), axon viscosity increases with increasing values of t. More notably, Fig. 10 demonstrates that axon viscosity decreases for higher microtubule (de-)polymerization rates as expected. This result is especially interesting because it provides a mechanistic explanation for the reduction in axonal outgrowth after exposure to high doses of taxol and the increase in elongation in response to low doses of taxol and EPO that have recently been shown to destabilize microtubules (23, 24) .
Analytical model problem
To reproduce the computational results in our analytical model, we relate stiffness, E Tau , and viscosity, h Tau , to the characteristic time constant of the cross-links and to the (de-)polymerization rate of microtubules. We propose these relations as follows:
where c E , c h , and c rate are material parameters that we fit to the computational results. We choose the linear dependence of the number of cross-links on microtubule rate, _ l MT , for its simplicity and good fit with computational data. Fig. 10 (right) shows the axon viscosity that best fit the computational data. Again, the analytical model accurately represents the computational results in Fig. 10 (left) . Collectively, Fig. 10 demonstrates that inhibiting microtubule dynamics increases the viscosity of the axon and, thereby, it reduces axonal outgrowth.
GEF-H1 pathway
In this section, we proceed from microtubule dynamics to study the effects of microtubule disassembly, or loss in microtubule mass, on axonal outgrowth. Experimental evidence shows that the induction of microtubule disassembly blocks axonal elongation (28) . We expect this is partly due to a reduction in the number of dynein protein cross-links that reduces the extensile force generation in the axon. In addition, based on nonneuronal cells, a decrease in microtubule mass upregulates myosin activity through the release of GEF-H1 (33, 36) . In this section, we investigate the potential effects of this pathway on axonal elongation. We assume myosin activity, that is the number of myosin proteins, is at a maximum when no microtubules are present and at a minimum when all microtubule sites within a cross section are occupied. We expect this decrease is nonlinear as is common for signaling pathways. As a simplification, we propose an S-curve relation between myosin activity and microtubule mass, illustrated in Fig. 11 :
where 0%m MT %1 represents the fraction of potential microtubules (MT) sites that are occupied and b Hðx; aÞ ¼ e ax =½1 þ e ax denotes a C N -smooth generalization of the discontinuous Heaviside function. We further assume that Axon stretch versus time for n ¼ 150 simulation with characteristic time constant of the cross-links, t ¼ 100s, and varying microtubule (de-)polymerization rates. The colored regions of each curve represent the regions that are used to compute average stretch rate and viscosity for that particular simulation. We only use time after t ¼ 250s to make sure the simulations have reached a steady state. In addition, we do not include sharp jumps in the axon stretch that are due to weak spots in the axon as a result of excessive microtubule depolymerization in a cross section of the axon. To view this figure in color, go online. half of the cross-links between the microtubules are tau proteins and the other half are dynein proteins.
Computational model problem
We implement the relation in Eq. 7 in our computational model by varying the characteristic detachment time t off of the myosin proteins as follows:
m MT is computed for each cross-link individually by counting the number of microtubule sites that are occupied in the axon cross section at the location of the myosin protein cross-link. Fig. 11 demonstrates that this implementation indeed yields the relation between microtubule mass and the number of myosin cross-links as determined analytically in Eq. 7. Fig. 12 shows the contour plots of axon stretch rate, effective viscosity, and number of dynein and myosin proteins as a function of microtubule rate of (de-)polymerization, _ l MT , and microtubule mass m MT . First, the number of myosin cross-links is independent of microtubule rate but depends on microtubule mass consistent with Eq. 7. The number of dynein cross-links decreases with the square of the microtubule mass, ½m MT 2 , which is consistent with the combinatorial scaling of the number of cross-links in a set of microtubules. The number of dynein proteins also decreases with increasing microtubule dynamics as an emergent effect (see previous section). The axon stretch rate and viscosity depend on microtubule rate and mass consistently with these number of dynein and myosin proteins.
Analytical model problem
To relate microtubule mass to axon outgrowth, we analytically model the number of myosin, dynein, and tau proteins:
c rate was obtained in the previous section, and n a0 and n d0 are fitted to the computational results. The stiffness, viscosity, and internal force generation in the microtubule system and actin cortex are then obtained as follows:
in which c Ea , c Ed , c ha , c hd , c Fa , and c Fm were obtained in previous sections, and c Et and c ht are fitted to the computational simulations with our discrete axonal model. Fig. 12 shows that the analytical model accurately captures the overall computational results. As microtubule mass decreases, myosin activity increases, dynein activity decreases, and axons retract. Reducing microtubule dynamics increases dynein, increases viscosity, and reduces axonal outgrowth. 
DISCUSSION
The abundant presence and relevance of mechanical forces during axonal outgrowth has been well acknowledged over several decades (2, 3, 67) . For example, mechanical forces are generated by anterograde actin flow in the growth cone (47) by dynein and myosin proteins along the axon (8, 32) and by microtubule assembly (30, 31) . Together with relevant mechanical properties, such as stiffness and viscosity, these forces contribute to the rate of axonal outgrowth (42) . However, the precise role of each individual aspect in determining axonal outgrowth is not fully understood.
Most research in the literature has focused on the role of the growth cone in axonal elongation. Indeed, the growth cone exerts a pulling force on the axon that facilitates axonal elongation (68) . However, recent experiments have shown that mechanical forces are regulated along the length of the axon (7, 69) . Here, our focus in on understanding the role of the axon as an active partner with the growth cone. Because it is extremely difficult to isolate individual effects in an experimental setting, we use computational modeling as a powerful alternative to probe and isolate the different contributions to the mechanics and outgrowth of the axon. We propose a computational and an analytical model of the axon that accurately capture its physiology and mechanical behavior. Our axon model consists of a microtubule system of longitudinally aligned microtubules that are interconnected by tau and dynein proteins. The dynein crosslinks generate extensile forces along the length of the axon. The microtubule system is surrounded by an actin cortex that consists of actin filaments and myosin cross-links that generate contractile forces. Microtubules and actin filaments that are close together can be connected by protein cross-links. We focus on dynein proteins that push the microtubules forward and the actin backward. Finally, we model the growth cone as a simple point that exerts a pulling force on the actin cortex. The microtubules may push the growth cone forward but are unable to apply pulling forces on the growth cone in our model.
In Dynein and Myosin, we perform a systematic study to explore the role of dynein and myosin concentrations within the force balance in the axon. Figs. 5, 6, and 7 demonstrate that the contractile forces by myosin and extensile forces by dynein decrease and increase axonal outgrowth, respectively. These competing mechanisms may lead to axon contraction or extension, depending on the ratio of active myosin and dynein proteins. This raises the possibility that the effects of altering the activities of these proteins may in part be due to changes in their activity along the axon (36) .
An interesting phenomenon from the field of active fluids is that the effective or measured viscosity is dramatically affected by the ratio between internally generated force and externally applied forces (5, 70) . In particular, when the internal and external forces are equal and opposite, there will be no deformation of the axon. Consequently, the effective viscosity, h eff ¼ F ext =½ _ l A, will approach infinity. In the axon, this happens when the contractile forces by myosin balance the pulling force of the growth cone plus the extensile forces generated by dynein. Figs. 6 and 7 show that our modeling captures this large variation in effective viscosity as well. These large variations provide a partial explanation as to why reported values of mechanical properties of cells and tissues are notable in having extremely large variations (71) .
In Microtubule Dynamics and Tau Cross-Linking, we investigate the effects of microtubule dynamics on axonal outgrowth, which is motivated by experimental evidence that shows that high doses of taxol slow down axonal elongation (20, 72) . Here, we show that cross-link density along the length of the axon increases when microtubule dynamics are stabilized (see Fig. 8 ). In previous work (5), we have shown that axon viscosity increases linearly with crosslink density and, therefore, axonal outgrowth is reduced. Therefore, we propose that taxol may lead to an increase in the number of cross-links, which then increases viscosity and reduces axon outgrowth. Fig. 10 shows that our axon model confirms this hypothesis. Interestingly, recent work demonstrated that very low concentrations of EPO and taxol increase the probability of microtubule disassembly in the presence of Eb1 (24) . In parallel, these low concentrations can increase neuronal outgrowth. Our work provides a plausible hypothesis that this may occur through lowering the viscosity of the axon.
We proceed from the stabilization of microtubule dynamics in Microtubule Dynamics and Tau Cross-Linking to microtubule depolymerization and, therefore, loss in microtubule mass in GEF-H1 Pathway. It is well accepted that induction of microtubule disassembly blocks axonal elongation. Most of the work on explaining this observation has focused on the growth cone. Here, we consider the effects of microtubule disassembly on the neuronal force balance along the length of the axon. Our previous modeling indicates that dynein only generates a net pushing force on microtubules when its cargo-binding domain is associated with the plus ends of microtubules (5) . Because microtubule disassembly disrupts the plus ends of microtubules (73), we expect a large effect on dynein force generation along the length of the axon. Fig. 12 supports this prediction as our model indeed shows that reduction in microtubule mass reduces the number of dynein and, thereby, also reduces extensile force generation and axonal outgrowth.
Myosin may also play a role in the effects of microtubule disassembly on axonal outgrowth. It has been well recognized that myosin is important for axonal elongation (8, 10, 74, 75 ) (see also Dynein and Myosin). Once again, most research on myosin has focused on growth cone, but here we consider the potential contributions along the length of the axon. In particular, upregulation of myosin activity in the cortex upon microtubule disassembly may contribute to the reduction in axonal outgrowth. Studies in nonneuronal cells have shown an increase in myosin activity as a result of GEF-H1 release caused by microtubule disassembly (33, 36) . In addition, GEF-H1 plays an important role in the regulation of axon outgrowth (18, 36) . Therefore, we explore the effects microtubule disassembly might have on neuronal force balance. We adopt a relation between microtubule mass and myosin activity that resembles a typical signaling pathway (see Fig. 11) . Fig. 12 then shows that reduction in microtubule mass increases the number of myosin proteins, reduces the axon stretch rate, and increases the effective axon viscosity.
We believe our work provides a powerful foundation for investigating more complex physical phenomena that contribute to axonal outgrowth. For example, the initiation, outgrowth and structural development of an axon is affected by a wide range of extracellular cues (76) . In addition, adhesion between the axon and its substrate and within the actin membrane is an important mechanical cue that influences and guides the development of the axon (77) . In future work, spectrin should be included to better understand how axons respond to large stresses and strain (61) . We believe that our extension of the finite element framework to allow the explicit assignment of molecular mechanisms to individual elements provides many opportunities of using the finite element method to model active or living materials.
In summary, we propose a mechanistic model of the axon to understand the role of the axon as an active partner of the growth cone in axonal outgrowth. Our results demonstrate mechanisms by which dynein and myosin motors, microtubule dynamics, and microtubule disassembly affect axon viscosity and, thereby, axonal outgrowth. These results provide mechanistic explanations for observed and unexplained effects of high and low doses of taxol and microtubule disassembly on axon development. Our study not only has potential applications during neurodevelopment but might also help identify strategies to manipulate and promote axonal regrowth to treat neurodegeneration. In particular, the modeling suggests the most effective strategy to promote axonal regeneration is to maximize MT dynamic instability and dynein force generation while minimizing myosin II activity. This comes with the caveat that dramatically increasing or decreasing MT mass may slow elongation through effects on motors and passive mechanical properties.
AUTHOR CONTRIBUTIONS
R.d.R. designed the research, performed the research, developed the computational tools, analyzed the data, and wrote the article. E.K. designed the research, performed the research, and wrote the article. K.E.M. designed the research, performed the research, and wrote the article.
